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We measure the temperature dependence of the two-photon absorption and optical Kerr non-
linearity of a silicon waveguide over a range of temperatures from 5.5 to 300K at a wavelength of
1.55 µm. The two-photon absorption coefficient is calculated from the power dependent transmission
of a 4.9 ps pulse. We observed a nearly two-fold decrease in the two-photon absorption coefficient
from 0.76 cm/GW at 300K to 0.42 cm/GW at 5.5K. The Kerr nonlinearity is inferred from the
self-phase modulation induced spectral broadening of the transmitted pulse. A smaller reduction
in Kerr nonlinearity from 5.2× 10−18 m2/W at 300K to 3.9× 10−18 m2/W at 5.5K is found. The
increased ratio of Kerr to absorptive nonlinearity at low temperatures indicates an improved op-
eration of devices that make use of a nonlinear phase shift, such as optical switches or parametric
photon-pair sources. We examine how the heralding efficiency of a photon-pair source will change
at low temperature. In addition, the modelling and experimental techniques developed can readily
be extended to other wavelengths or materials of interest.
I. INTRODUCTION
The high material nonlinearity and tight mode confine-
ment present in silicon waveguides offers a useful plat-
form for constructing integrated nonlinear photonic de-
vices. A variety of nonlinear photonic applications have
been demonstrated in silicon, including optical frequency
combs [1], all-optical switching [2], all-optical logic [3],
parametric amplification [4] and parametric photon-pair
sources [5, 6] for quantum information processing. Driven
by these applications, there has been a considerable effort
to accurately measure [7–9] and model [10–12] the non-
linear optical properties of silicon. Although these stud-
ies have focused on room temperature measurements,
some investigations of the temperature dependence of the
one- and two-photon indirect absorption coefficient at a
wavelength of 1.06µm [13, 14] and free-carrier lifetime
[15] have been performed. At this wavelength, a strong
temperature-dependence of the one-photon indirect ab-
sorption coefficient has been observed, showing two or-
ders of magnitude change over the 100K to 300K range
[14]. However, no study of the temperature dependence
of the Kerr nonlinearity and two-photon absorption has
been performed at wavelengths around 1.55µm in the
telecom C-band, as commonly used in most integrated
silicon-photonic devices.
One application area that is likely to require cryogenic
operation is integrated quantum photonics. Waveguide-
integrated single-photon detectors are essential for
measurement-based quantum computing. To achieve
high-efficiency, low-noise detection along with fast con-
trol feedback, the monolithic integration of supercon-
ducting nanowire single photon-detectors with photonic
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circuits is required [16, 17]. Operation of the chip at
few-Kelvin temperatures will potentially impact on the
performance of nonlinear photonic components, such as
parametric photon-pair sources, where the brightness,
purity and heralding efficiency depend on the nonlinear
optical parameters of the waveguide [18, 19]. In partic-
ular, the heralding efficiency of a photon-pair source is
known to be adversely affected by the nonlinear cross
two-photon absorption present in silicon at wavelengths
in the the telecom C-band [19]. Additionally, silicon pho-
tonics also offers a promising platform for chemical and
biological sensing in the mid-infrared wavelength range
where the fundamental vibrational modes of most chem-
ical bonds are present [20, 21]. However, at longer wave-
lengths background thermal noise becomes an ever larger
constraint on device performance [20, 22], suggesting that
low-temperature operation could be of benefit.
In this article, we determine the Kerr nonlinearity and
two-photon absorption (TPA) present in a silicon waveg-
uide between the temperatures of 5.5 and 300K at a
wavelength of 1.551µm. By modeling the propagation
of a 4.9 ps optical pulse along a 19.09mm waveguide, we
can relate the observed nonlinear transmission and pulse
spectral broadening to the nonlinear waveguide parame-
ters. This is the first measurement of both the TPA and
Kerr nonlinearity at cryogenic temperatures in the tech-
nologically important telecom C-band. In addition, al-
though the techniques developed have been used to char-
acterize a silicon waveguide at 1.551µm, they could more
generally be applied to other third-order nonlinear ma-
terials and at other wavelengths.
II. MODELING PULSE PROPAGATION
We begin by constructing a model of pulse propagation
through a nonlinear optical waveguide. The propagation
2of an optical pulse is commonly described by the Nonlin-
ear Schro¨dinger Equation [23],
∂E
∂z
=
(
ikon2 − βTPA
2
)
|E|2E− σFCA
2
(1+iµ)NcE−α
2
E,
(1)
where E is the electric field envelope (in units of√
W/m2), ko = 2π/λ is the wavenumber, n2 is the Kerr
coefficient, βTPA is the TPA coefficient, σFCA is the free-
carrier absorption (FCA) coefficient, µ determines the
relative strength of the free-carrier dispersion (FCD), Nc
is the free-carrier density and α is the linear loss. The
generation of free carriers at each point of the waveguide
is governed by,
∂Nc
∂t
=
βTPA
2~ω
|E|4 − Nc
tc
, (2)
where tc is the free-carrier lifetime. An exact closed-
form solution of these propagation equations can be
found when free-carrier effects can be neglected, as oc-
curs when the pulse energy and repetition rate are suf-
ficiently low [23]. Alternatively an approximate solution
can also be found when free-carrier effects only weakly
modify the pulse shape [24]. In our work we numeri-
cally solve the propagation equations, as detailed in Ap-
pendix A. Briefly, the propagation equations are solved
using a first-order finite-difference method [25], assum-
ing excitation of the quasi transverse-electric (quasi-TE)
mode of a 220 × 500 nm silicon-on-insulator waveguide
of length 19.09mm. Figure 1 shows (a) the output pulse
power and (b) the phase, as predicted by our model for
room temperature values of the nonlinear parameters and
a high-power input pulse (5mW in-waveguide power). At
this power, the short duration (4.9 ps) and low repetition
rate of our optical pulses ensures that TPA makes the
largest contribution to the nonlinear loss. However, the
effect of free-carriers is equally as important as the Kerr
nonlinearity for the phase, where the self-phase modula-
tion (SPM) and FCD act with opposite signs. This causes
a reduction in the peak phase shift and an asymmetry in
the phase profile, due to the accumulation of free-carriers
over the duration of the pulse. Free-carrier effects are
included in the model, using a temperature-dependent
model for the FCA parameter (see Appendix A).
Following earlier works [13, 14, 26] we monitor the
inverse transmission through the waveguide (1/T =
Pin/Pout), where the time-averaged power is P =
Γ
∫
pulse
P (τ)dτ , Γ is the laser repetition rate (50MHz)
and the time integral is taken over the input or output
pulse as appropriate. Figure 1(c) shows the modeled in-
verse transmission along the waveguide (not including
coupling losses) for a range of TPA coefficients (βTPA)
and a fixed room-temperature value for FCA (see Ap-
pendix A). When βTPA = 0 there is no nonlinear absorp-
tion and the inverse transmission is a constant, equal
to the inverse of the linear propagation loss along the
waveguide (2.4 dB/cm). The inverse transmission is seen
to remain almost a straight line with an increasing slope
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FIG. 1. (a) The modeled output power and (b) phase
of a 4.9 ps pulse with peak in-waveguide power of 18.0W
(5mW average) and room-temperature nonlinear parameter
values. (c) The modeled inverse transmission of a pulse for a
range of two-photon absorption parameters and fixed room-
temperature FCA, as a function of the time-averaged input
power at the start of the waveguide.
for larger values of the TPA parameter. Plotting the
data in this way has the benefit of decoupling the two fit
parameters: the intercept, from which the linear loss is
deduced and the slope, from which the TPA parameter
is found. This leads to more accurate fits when analyzing
noisy data.
III. EXPERIMENTAL SETUP
Figure 2 depicts the setup used to take measurements
of the transmission and spectrum of an optical pulse af-
ter propagation through a 19.09mm waveguide at vari-
ous temperatures between 5.5 and 300K. Optical pulses
of 4.9 ps FWHM (full-width half-maximum) were gener-
ated by a PriTel Femtosecond Fiber Laser, with a repe-
tition rate of 50MHz, 196W peak power and wavelength
of 1551.8nm. The pulse duration was measured using
an intensity autocorrelator (Femtochrome Research FR-
103PD), assuming a sech2 profile, as expected for a pas-
sively mode-locked fiber laser [27]. A variable optical at-
tenuator (Oz Optics, DA-100) was used to step the power
linearly between 30 dB and 0 dB of attenuation. At each
attenuation setting (20 in total) the optical spectrum and
transmission were recorded (Anritsu MS9740A and Thor-
3FIG. 2. The experimental setup used when measuring the transmission and spectral broadening of pulses transmitted through
a silicon waveguide: VOA, variable optical attenuator; SMF, single-mode fiber; PC, polarization controller; BS, fiber beam-
splitter; OS, 2 × 2 optical cross-over switch; OSA, optical spectrum analyser; PM, power meter; SOI, silicon-on-insulator.
labs S154C powermeter respectively). Before each power
scan the transmission was maximised using a polariza-
tion controller (Agilent 11896A) to ensure a consistent
polarization state (quasi-TE) in the waveguide. Power
was monitored at the input using a 99:1 fiber coupler
and at the output using a 50:50 splitter to divide the
light equally between the output power meter and opti-
cal spectrum analyser. The splitting ratio and insertion
loss of each coupler were measured to ensure correct esti-
mates of the input/output power could be made. Before
coupling light on/off the chip a 2×2 cross-over switch was
used to allow light to be propagated in either direction
along the waveguide. Any asymmetry in the efficiency of
the on-chip grating couplers can be compensated for by
taking measurements in both orientations, as discussed
in Appendix B. This is possible because the degree of
nonlinear absorption by the waveguide depends on if the
input grating coupler constitutes a larger or smaller pro-
portion of the overall loss. This provides a method of un-
ambiguously determining each grating coupler efficiency
independently. At each temperature setting power scans
were taken in pairs: initially with the light propagat-
ing along the waveguide in one direction and then in the
reverse direction. Multiple pairs of measurements were
taken for each temperature setting to monitor the repro-
ducibility of our data.
The chip under test was cooled in a Lakeshore Cryo-
genic Probe Test Station (Model CPX), which was mod-
ified to allow vertical coupling to and from the chip via
focused grating couplers (≈ 5 dB loss per coupler). This
enabled cooling of the chip to a minimum of 5.5K, main-
taining a temperature stability of at least 0.1K. Be-
tween each temperature setting the system was typically
allowed 15 minutes to reach thermal equilibrium and
steady coupling.
IV. RESULTS
A. Two-photon absorption
Using the model developed above, the inverse trans-
mission data for each power scan was fitted to extract the
TPA coefficient. Figure 3 shows example fits at 5.5K and
300K. Due to asymmetry of the grating couplers a larger
apparent nonlinearity is observed in the “off” direction,
as indicated by the larger gradient of the fit. This oc-
curs because, given the same overall fiber-to-fiber linear
loss, if the input grating coupler has a lower loss than
the output then the larger power in the waveguide will
give rise to a larger nonlinear response. By taking data
in both orientations, the correct TPA coefficient can be
found from the geometric mean of the pair (see Appendix
B). We note that the cross-over switch introduces a slight
excess loss when in the “on” state, as indicated by the
larger value of 1/T at the zero-power intercept, although
this does not affect the fitted TPA value. Data at low
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FIG. 3. Model fits to the measured inverse transmission (fiber
to fiber) at temperatures of 300K and 5.5K. Data are taken
with light propagating in both directions along the waveguide,
as indicated by the cross-over switch being in the “on” or “off”
state.
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FIG. 4. (a) The two-photon absorption as a function of tem-
perature, fitted using Eq. (3). Based on the fitting, TPA is
seen to decrease by 45% from 300 to 5.5K. (b) The Kerr
nonlinearity, fitted using Eq. (6). A smaller reduction in the
Kerr nonlinearity of 25% is observed over the same tempera-
ture range.
temperatures suffers from greater noise due to fluctua-
tions in the coupling caused by a mechanical resonance
of the cryostat sample stage. This was particularly not-
icable at temperatures below 50K. To compensate for
this a larger number of power scans were taken at lower
temperatures than at higher (at least 20 scans at each
temperature below 50K, and at least 6 scans at each
temperature above 50K). In total 432 pairs of power
scans were taken across the entire temperature range.
Figure 4(a) shows the fitted TPA coefficient extracted
from the inverse transmission power scans. Each point
in the graph is the arithmetic mean of the TPA co-
efficient determined from several pairs of transmission
measurements taken in both directions, where the er-
ror bars are the standard deviation of the individual
pair-wise measurements. We fit our data by following
[11] and assuming that the dominant contribution to the
TPA comes from phonon assisted two-photon allowed-
allowed transitions across the lowest indirect bandgap.
In addition, we include contributions from both trans-
verse acoustic (ETAph /kB = 212K) and transverse optical
(ETOph /kB = 670K) phonon branches [28]:
βTPA = Egap(T )
3/2
∑
b
{
Kb
[
F b+(T ) + F
b
−(T )
]}
. (3)
Here, b ∈ {TA,TO} sums over the phonon branches and
F b± arise due to terms involving the creation (+) or an-
nihilation (-) of a phonon in the corresponding branch:
F b+(T ) =
(2~ω − Egap(T )− Ebph)2
exp(Ebph/kBT )− 1
, (4)
F b−(T ) =
(2~ω − Egap(T ) + Ebph)2
1− exp(−Ebph/kBT )
, (5)
where, ~ω is the photon energy (0.797 eV) and Egap(T ) =
Egap(0) − βT 2/(T + δ) is the temperature dependent
bandgap, where the values Egap(0) = 1.156 eV, β =
7.021× 10−4 eVK−1, and δ = 1108K are taken from
[29]. As is apparent from Fig. 4(a) the temperature de-
pendence of the TPA is well represented by (3), where
we have found the fit parameters KTA = 0.233 and
KTO = 2.138. We note that the largest contribution
to the temperature dependence (∼ 80 %) comes from
the phonon population, rather than the change in the
bandgap. Since the two-photon transition is phonon as-
sisted, the transition probability is seen to decrease at
lower temperatures as the phonon population declines.
However, transitions are always possible even in the ab-
sence of a significant thermal bath of phonons, as a
phonon can be created to assist the transition. This is
in contrast to one-photon indirect transitions at 1.06µm,
where the rapidly changing density of state close to the
band edge leads to a much larger temperature depen-
dence of the absorption [14].
B. Kerr nonlinearity
To determine the Kerr nonlinearity, the output spec-
trum of the transmitted pulse was measured at a range of
input powers, as shown in Fig. 5(a). As expected, SPM
causes a broadening of the pulse spectrum as the input
power is increased. A very slight blue-shift of the central
wavelength can also be seen due to FCD. For each input
power the temporal phase of the output pulse was re-
constructed using the Saxton-Gerchberg phase retrieval
algorithm, full details of which can be found in [30]. This
algorithm requires knowledge of the output power spec-
trum, which is straightforward to measure using an op-
tical spectrum analyzer, and the pulse envelope in the
time-domain. To estimate the pulse shape at the output
of the waveguide, we used the transmission data (dis-
cussed above) to determine the degree to which the pulse
was distorted due to the nonlinear absorption from the
initial pulse profile. This estimated output pulse shape
was used in the algorithm to reconstruct the pulse phase.
We note however, that the reconstructed phases are quite
insensitive to the exact shape of the temporal pulse enve-
lope, as the observed spectral broadening is largely due
to the nonlinear phase imparted to the pulse, rather than
a slight distortion of the pulse envelope [23].
A selection of reconstructed phase profiles and fits to
our numerical pulse evolution model are shown in Fig.
5(b). All reconstructed phases are baseline corrected
against the lowest power (0.02mW) scan, which is why
this appears as a flat phase profile. Although the in-
put pulse was not in fact transform limited, the additive
nature of the accumulated phase means that the exact
input phase profile is not important, so long as the tem-
poral pulse length is correctly known. In addition, due
to the significant length of optical fiber in our setup, it
was necessary to subtract the background phase accu-
mulated due to SPM in the optical fibers. Removing this
5background contribution to the nonlinear phase is nec-
essary, otherwise this would lead to an over-estimate of
the Kerr nonlinearity in the waveguide. To character-
ize the background Kerr nonlinearity, a series of trans-
mission spectra through the chip were measured as the
coupling to the chip was gradually decreased. The spec-
tral broadening was seen to decrease as the power in the
waveguide dropped. Once the fiber-to-fiber excess loss
had been increased to approximately 20dB the output
spectrum was seen to remain constant as the chip was
further decoupled. This indicated that pulse propaga-
tion in the chip was of sufficiently low power so as to
be in the linear regime, whereas the nonlinearity pro-
duced in the fibers leading up to the chip could still be
measured. A power scan was taken at this decoupling
to characterize the Kerr-nonlinearity of the input fibers,
allowing us to subtract this background contribution to
the phase from all of our subsequent measurements when
the chip was well-coupled. No significant further nonlin-
earity was expected in the output fibers, due to the lower
power present after the chip. The reconstructed phases
shown in Fig. 5(b) have been background corrected using
the method described. As can be seen, the reconstructed
phases clearly exhibit a profile consistent with SPM due
to the Kerr nonlinearity and a slight asymmetry due to
FCD. We use the numerical model developed to fit the
phase profiles and extract the Kerr nonlinearity for each
of the reconstructed phase profiles.
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FIG. 5. (a) The measured power spectrum at the output
of the waveguide. Each power spectrum (horizontal cross-
section of the plot) is normalized to the same total pulse en-
ergy for clarity. (b) The reconstructed temporal phase (∆φ)
of the output pulse for three different input powers: (black
points) - data, (red line) - fitted numerical model
Figure 4(b) shows the measured Kerr coefficient as a
function of the sample temperature. Although some tem-
perature dependence is observed, the decrease in Kerr
nonlinearity at low temperatures (25%) is seen to be a lit-
tle over half the (45%) decline observed in the absorptive
nonlinearity. We choose to fit the data to an empirical
model motivated by that used for the TPA coefficient:
n2(T ) = n2(0)
[ 1
exp(Eph/kBT )− 1
+
1
1− exp(−Eph/kBT )
]
. (6)
Here, the fit parameters are the Kerr coefficient at 0K,
n2(0) = 3.86× 10−18m2W−1, and a parameterEph/kb =
576K, which has the form of a phonon energy and is
somewhat close to the value of the transverse optical
phonon energy. We stress that this model is purely em-
pirical and has been chosen to match the data in the
absence of any other known models for the predicted tem-
perature dependence of the Kerr nonlinearity.
V. NONLINEAR FIGURE OF MERIT
In many photonic applications, TPA acts as a para-
sitic nonlinear loss mechanism, reducing the amount of
useful Kerr nonlinearity that can be achieved. For in-
stance, it has been shown that TPA places a limit on the
losses of an all-optical switch [31], and that this loss can
be further compounded at high switching rates by sub-
sequent free-carrier effects [2]. Similarly, it has been pro-
posed that cross two-photon absorption (XTPA) between
pump and signal/idler photons in a parametric photon-
pair source acts as a fundamental limit to the heralding
efficiency of such sources [19]. For this reason, it can
be useful to introduce the dimensionless figure of merit
FOM = n2/(λβTPA) to describe the ratio of the useful
Kerr nonlinearity to the parasitic TPA [31, 32]. Here, we
briefly investigate how the heralding efficiency of a para-
metric photon-pair source can be understood to depend
on the nonlinear FOM.
As an illustration, we consider the simplest possible
photon-pair source: a single-mode, non-dispersive, sili-
con waveguide. For this type of source, photon pairs
are generated over a broad bandwidth and narrow-band
filtering is applied to the herald photon to improve the
purity of the heralded photons. It has been shown that
the probability of generating one photon-pair per pulse
can be written as [18],
ppair =
(γLP )2
2
√
1− P2
P , (7)
where γ = (k0n2)/Aeff is the waveguide nonlinear param-
eter, Aeff is the effective area of the waveguide, P is the
pump peak power, L is the waveguide length and P is
the purity of the heralded photons. Here, the source is
assumed to be operating in the weakly pumped regime,
so that higher-order terms can be neglected. If the only
loss mechanism present is XTPA then the heralding effi-
ciency (also known as the Klyshko efficiency [33, 34]) will
6be limited only by the probability of XTPA between the
pump and heralded photons [19]. Therefore, the herald-
ing efficiency will be equal to,
ηheralding =
1
(1 + ξ)2
, (8)
where ξ = αTPALP is a dimensionless parameter de-
scribing the nonlinear loss and αTPA = βTPA/Aeff is
the waveguide nonlinear absorption parameter. Using
(7) and the definition of the nonlinear FOM we find we
can express ξ in terms of the source purity, brightness
and material FOM:
ξ =
1
2πFOM
√
2ppair
P√
1− P . (9)
Evaluating the heralding efficiency for some reasonable
parameters (ppair = 0.05,P = 0.9) we find a room tem-
perature heralding efficiency of 0.74, improving to 0.79
at 0K using FOMs of 0.44 and 0.59 respectively (based
on values given in Table I of Appendix A). Thus, cryo-
genic cooling to 0K is seen to have a moderately positive
effect on heralding efficiency. We note that the nonlinear
FOM has been seen to improve significantly at longer
wavelengths towards the mid-infrared. This has led to
suggestions to develop integrated silicon photonic com-
ponents at longer wavelengths. For instance, a room-
temperature nonlinear FOM of 4.4 has been measured at
2.2µm in [32]. Using this value for the FOM, a heralding
efficiency of 0.97 is achieved, demonstrating the impor-
tance of the FOM for determining parametric source per-
formance. Nonetheless, we note that this simple source
design has not been optimized for heralding efficiency,
and other designs may exhibit bettern performance with-
out the need to operate at longer wavelengths.
VI. CONCLUSIONS
We have measured the temperature dependence of the
TPA and Kerr nonlinearity at a wavelength of 1.55µm in
the technologically important telecom C-band. TPA was
found to decrease by 45% from 300 to 5.5K, whereas
a smaller reduction of 25% was observed for the Kerr
nonlinearity. The near two-fold reduction in TPA con-
trasts with the near vanishing of the one-photon indi-
rect absorption previously observed at 1.06µm [14, 35].
The significantly stronger temperature dependence at the
shorter wavelength appears to be due to the very rapidly
changing density of states close to the band edge, whereas
at 1.55µm the reduction in absorption is primarily due
to the reduction in phonon population.
The stronger reduction in TPA as compared to Kerr
nonlinearity, leads to an improved nonlinear figure of
merit (FOM) at low temperatures. We discuss how the
nonlinear FOM is an important metric that determines
the performance of many nonlinear photonic devices,
such as all-optical switches and parametric photon-pair
sources. In particular, we examine how the heralding
efficiency of a simple waveguide parametric photon-pair
source depends on the nonlinear FOM, and show a mod-
erate improvement in heralding efficiency at low temper-
atures.
When characterizing the nonlinearity of our silicon
waveguide, several techniques have been employed that
may be applicable to other nonlinear integrated pho-
tonic experiments. In particular, the use of bi-directional
measurements to eliminate coupling-loss uncertainty and
phase-retrieval of the measured spectra to visualize the
time-domain nonlinear effects, may be of general use to
the community.
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Appendix A: Modeling pulse propagation
A comprehensive account of modeling nonlinear opti-
cal phenomena in silicon waveguides is provided in [36].
However, some of the more immediately relevant fun-
damentals from that paper will be outlined below for
convenience. Equation (1) describes the propagation of
an optical pulse, where the electric field E = E(~r, τ),
~r is the position vector, τ = t − z/vg is the retarded
time (where propagation is along the z-axis and vg is
the group velocity), and the electric field is measured in
units of
√
W/m2. It is convenient to factorize the elec-
tric field such that E = F (x, y)A(z, τ), where F (x, y) is
the dimensionless transverse mode profile (F ∈ [0, 1])
and A(z, τ) describes evolution along the propagation
axis. However, in most waveguide experiments it is
the optical power, rather than the intensity, that is
measured. We therefore choose to introduce A¯(z, τ) =
(
∫ |F (x, y)|2dxdy)1/2A(z, τ), where A¯ has units of √W
and |A¯|2 corresponds to the power integrated over the
entire mode cross-section. Doing so, we find the propa-
gation equation,
∂A¯
∂z
=
(
iγ − αTPA
2
)
|A¯|2A¯− σFCA
2
(1 + iµ)N¯cA¯− α
2
A¯,
(A1)
where γ = (k0n2)/Aeff and αTPA = βTPA/Aeff are
the nonlinear parameters for the waveguide, Aeff =[∫ |F (x, y)|2dxdy]2 / ∫
core
|F (x, y)|4dxdy is the effective
mode area for SPM (where the lower integral is taken
over the nonlinear core only) and other quantities are
as defined in Eq. (1). The free-carrier density again has
7units of m−3, but is averaged over the mode cross-section:
N¯c(z, t) =
∫
Nc(x, y, z, τ)|F (x, y)|2dxdy∫ |F (x, y)|2dxdy . (A2)
By doing so, free carriers are appropriately weighted ac-
cording to their spatial overlap with the transverse mode
in the waveguide. The free-carrier generation equation
becomes:
∂N¯c
∂t
=
β¯TPA
2~ω
|A¯|4 − N¯
τc
, (A3)
and β¯TPA = βTPA
∫
core
|F (x, y)|6dxdy/ [∫ |F (x, y)|2dxdy]3
is weighted to take account of the mode distribution
during the generation process and the subsequent
interaction with the field (see Eq. (36) in [36]). The
transverse mode profile (fundamental quasi-TE mode)
was found using a commercial mode solver (Lumerical
Mode Solutions). The system of coupled differential
equations (A1) and (A3) could now be solved as one-
dimensional propagation equations, where all details of
the transverse modal structure have been absorbed into
the definition of the parameters γ and β¯TPA. However,
a further simplification can be made by noting that
rather than calculating the complex field amplitude,
the phase can be calculated from the solution for the
power and free-carrier distribution. That is, if we take
A¯(z, τ) =
√
P (z, τ) exp[iφ(z, τ)] then from Eq. (A1) we
find,
∂P
∂z
= −αTPAP 2 − σFCAN¯cP − αP, (A4)
and the phase of the pulse at the output of the waveguide
can be calculated from:
φ(L, τ) = γ
∫ L
0
P (z, τ)dz − σFCAµ
2
∫ L
0
N¯c(z, τ)dz.
(A5)
Therefore, it is only necessary to numerically calculate
the pulse power and free-carrier distribution as a func-
tion of position and time, for the range of γ and σFCA val-
ues expected and input powers used. This is in contrast
to solving Eq. (A1) directly, which would have require
numerical solutions for the full range of Kerr and FCD
parameters also. Thus when fitting the reconstructed
phases (see Fig. 5.(b)), the much simpler semi-analytic
phase Ansatz can be used:
φ(L, τ) = γS(τ)− σFCAµ
2
T (τ), (A6)
where S(τ) =
∫ L
0
P (z, τ)dz and T (τ) =
∫ L
0
N¯c(z, τ)dz
need to be numerically calculated for the full range of
TPA and FCA parameters expected and input powers
used. We note that when using the phase Ansatz to fit
the reconstructed phase profiles, that it is only γ and µ
that are used as fit parameters: the in-waveguide power
and TPA parameter had already been deduced from the
transmission measurements for each temperature setting.
A temperature-dependent model of FCA was used
to model the expected transmission and output phase-
profiles. A suitable model for FCA is given by [37, 38]
σFCA =
q3eλ
2
4π2ǫ0c3n
(
1
m∗2e µe
+
1
m∗2h µh
)
, (A7)
where qe is the electron charge, ǫ0 the permitivity of free
space, c the speed of light, n = 3.48 the refractive index
of silicon, m∗e = 0.3m0 and m
∗
h = 0.4m0 are the electron
and hole effective masses expressed in terms of the free-
electron mass, m0, and µe and µh are the electron and
hole mobilities. Although the carrier effective masses are
in general temperature dependent, they are not expected
to change significantly over the range of temperatures in
our study [39]. Rather, the dominant contribution to the
temperature dependence arises through the electron and
hole mobilities. The empirical models for carrier mobility
developed in [40] (see Eqn. (8) and (13) therein) show a
temperature- and density-dependence of the carrier mo-
bility. In our study, carrier-densities are typically in the
region of 1018 cm−3, which results in a nearly constant
mobility, and therefore constant σFCA, from 300K down
to 50K. Below 50K, the carrier mobility is seen to in-
crease rapidly, resulting in a rapid decrease in FCA as
the temperature approaches 0K.
Table I provide a selection of values for the nonlinear
parameters used in our analysis as a function of temper-
ature. The values for αTPA and n2 are those produced
by the fitting functions (3) and (6) respectively, whereas
σFCA values are from the FCA model (A7) and were used
as an input to our numerical model.
T αTPA n2 σFCA
(K) (cmGW−1) (nm2W−1) (10−22 m2)
300 0.761 5.18 3.7
150 0.492 4.03 3.1
50 0.424 3.86 2.7
5.5 0.420 3.86 0.9
0.0 0.420 3.86 0.0
TABLE I. Temperature dependence of the nonlinear param-
eters.
Appendix B: Correcting for coupling asymmetry
When measuring the fiber-to-fiber transmission though
an on-chip waveguide in the linear-optical regime, it
is impossible to independently determine the coupling
losses. However, uncertainty in our knowledge of the
on-chip power constitutes an important source of error
when performing nonlinear measurements, as the mea-
sured nonlinear response varies quadratically with our
estimate of the on-chip power. This can lead to an in-
correct estimate of the nonlinear parameters. However,
by taking pairs of transmission measurements with light
8propagating in both directions it is possible to determine
the correct coefficients. We show this by considering only
the TPA below, although this can be generalized in a
straightforward way to include free-carrier effects as well.
Consider the propagation equation (A4), where the only
nonlinearity considered is TPA:
∂P
∂z
= −αTPAP 2 − αP. (B1)
We can introduce a rescaled power p(z) such that
P (z, τ) = P (0, τ)p(z), and p(0) = 1 at the start of the
waveguide. Then,
∂p
∂z
= −Ap2 − αP, (B2)
where A = αTPAP (0, τ)
2 and we write the solution as
p = p(z;A). By fitting this solution to our transmis-
sion data, the coefficient A can be found, although we
note that individually αTPA and P (0, τ) are still un-
known. However, taking a pair of measurements in
both orientations will result in a pair of A-coefficients,
A′ = αTPAP
′(0) and A′′ = αTPAP
′′(0), where the differ-
ent powers at the start of the waveguide arise due to the
asymmetric coupling losses. The waveguide has two grat-
ing couplers for coupling to external fibers, the losses of
which we arbitrarily denote as ηL and ηR. We can there-
fore express the product of the A-coefficients as:
A′A′′ = (αTPAηLPin)(αTPAηR
√
ηXPin), (B3)
where Pin is the power just before the input grating cou-
pler and ηX is the total excess-loss that is introduced by
our cross-over switch when in the “on” state. However,
when fitting each individual transmission power scan, we
have no way of knowing ηL and ηR individually. There-
fore, it is necessary to assume symmetric losses on both
grating couplers when performing the fitting. For this
reason we have,
A′A′′ = (α′TPA
√
ηLηRPin)(α
′′
TPA
√
ηLηRηXPin), (B4)
where α′TPA and α
′′
TPA are the apparent TPA coefficients
that we extract from each individual fitting and
√
ηLηR
is the average grating coupler loss that we are forced to
use during the fitting. Comparing these expressions it is
straightforward to show that the real TPA parameter can
be calculated from the geometric mean of the apparent
TPA parameters found from each individual fit:
αTPA =
√
α′TPAα
′′
TPA (B5)
This can be generalized in a straightforward man-
ner to include free-carrier effects, showing σFCA =√
σ′FCAσ
′′
FCA. Similarly, by evaluating A
′/A′′ we find
α′TPA/α
′′
TPA = ηL/ηR, from which the individual cou-
pling losses can be deduced:
η2L =
√
ηLηR
(
α′TPA
α′′TPA
)
, η2R =
√
ηLηR
(
α′′TPA
α′TPA
)
. (B6)
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